One dimensional Cherenkov processes in ferromagnetic insulator by Wei, Tongli et al.
ar
X
iv
:1
71
0.
06
15
5v
2 
 [c
on
d-
ma
t.m
es
-h
all
]  
6 N
ov
 20
17
One dimensional Cherenkov processes in ferromagnetic insulator
Tongli Wei,1, 2, ∗ Yaojin Li,1 Decheng Ma,1 and Chenglong Jia1, †
1Key Laboratory for Magnetism and Magnetic Materials of Ministry of Education, Lanzhou University, Lanzhou 730000, China.
2Key Laboratory of Physics and Photoelectric Information Functional Materials Sciences and Technology,
College of Electric and Information Engineering, North Minzu University, Yinchuan 750021, China.
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One dimensional Cherenkov processes in ferromagnetic isolators are studied with perturbation theory under
the constraint condition of conservation of energy and momentum. It is shown that the magnon-phonon inter-
action channels are limited and wave number dependent, which result in respectively 1/k2 and 1/k4 dependence
of the lifetime and the relaxation time of long wavelength magnons. The reciprocal of relaxation time between
magnons and phonons, 1/τmp, is found to be a linearly increasing function of the temperature as T > 70 K.
Based on the Sanders-Walton model, we further show that when a thermal (phonon) gradient is applied along
the system, the temperature difference between the phonon bath and the magnons with wave-vector k becomes
more pronounced as k decreasing.
I. INTRODUCTION
Exerting a temperature gradient to generate a spin voltage,
known as the spin Seebeck effect is becoming a very promis-
ing direction in spintronics1–6. It has been revealed by the
experimental observations of the long length scale (∼ sev-
eral millimeters) spin current in ferromagnetic metals3 and
the spin Seebeck effect in magnetic insulators4,6 that the dy-
namics of localized spins in the ferromagnets, i.e., magnons
rather than the conduction electrons are essential carriers for
the spin Seebeck effect. The non-equilibrium dynamics of
magnons and phonons (as well as their couplings) are be-
lieved to play a key role in the spin Seebeck effect2,7–14. To
start with the assumption that the magnon and the phonon
can establish dynamic thermal equilibria at distinct tempera-
tures, Tm and Tp, respectively, a linear-response theory of the
spin Seebeck effect was developed by Maekawa’s group and
other researchers2,4,6–9. These theoretical models have suc-
cessfully described the general properties of the spin Seebeck
effect. The characteristic length λ, which is proportional to
the square root of the magnon-phonon relaxation time, is the-
oretically estimated to be in the rang of 0.85−8.5 mm7. How-
ever, the direct spatially resolved measurement of the magnon
temperature in yttrium iron garnet (YIG) by M. Agrawal et
al15 via the Brillouin light scattering (BLS) spectroscopy in-
dicates that there is no considerable temperature difference
between phonons and the short wavelength thermal magnons
(≥ 108rad/m). The maximum value of λ deduced from the dif-
ference between Tm and Tp is 0.47mm. To resolve this puzzle,
they argued that the long wavelength magnons (< 107rad/m)
may have large temperature difference with the phonon bath
and are primarily responsible for the spin Seebeck effect. Re-
cently, several experiments with the setup of YIG/Pt thin film
bilayers have been launched to clarify this problem. It is
shown that the cutoff frequency of microwaves to generate
spin injection by spin Seebeck effect is up to 30MHz16 or
6.875GHz17, depending on the thickness of the YIG film. The
mean free path, the characteristic frequency and the relax-
ation time have been analyzed theoretically as well18–20. It is
agreed that spin Seebeck effect is spectral dependent. The re-
laxation time and temperature distribution of long-wavelengh
magnons may be different from the ones of short wavelength
magnons20–26.
In this paper the magnon-phonon interaction conditioned
by the exchange-striction effect is detailly analyzed and stud-
ied. In section II we revealed that the strength of magnon-
phonon coupling is spectral dependent. The transition and re-
laxation processes are investigated in section III and IV. It is
found that, under the constraint condition of conservation of
energy and momentum, the transition probabilities, the relax-
ation times and the transition channels display a strong wave
number dependence. In section V, temperature distributions
of magnons is solved with the Sanders-Walton (SW) model27.
It is evident that, along the direction of thermal gradient, the
temperature distribution of magnons is largely lifted up in the
cooler regions and deeply pulled down in the hotter ones as
the wave number of magnon decreasing. It suggests that the
longer wavelength magnons can have larger temperature de-
viations from the phonons due to the relatively weak coupling
between them. The characteristic magnon wave vector in YIG
is estimated as 1.68 × 108 rad/m.
II. MAGNON-PHONON COUPLING
We provide a quantitative justification of coupling be-
tween magnons and phonons by analyzing the Heisenberg
Hamiltonian9,21,28–31:
H = −
∑
〈i j〉
Ji jSˆ i · Sˆ j, (1)
where Sˆ i is the spin operator at site i and the sum is made over
the nearest neighbors. Ji j > 0 describes the ferromagnetic
exchange interaction that depends on the distance for a pair of
spins, i.e., Ji j = J(|Ri −R j|) is not a constant but changes with
the vibration of lattice, which is called the exchange-striction
effect.
By using Hostein-Primakoff transformation28–30, ignoring
the higher-order terms, we arrive at the Hamiltonian of spin
wave (magnons),
Hm =
∑
k
~ω
(m)
k
b
†
k
bk, (2)
2with b
†
k
and bk being the creation and annihilation operators
of a magnon with wave-vector k (i.e., k-magnon), respec-
tively. The dispersion relation of magnons along a ferromag-
netic chain reads ~ω
(m)
k
≈ 2J0S (1 − cos ka) = J(1 − cos ka),
where ~ is Planck’s Constant,ω
(m)
k
is the frequency of k-vector
magnons, J0 is the equilibrium exchange integral, S is the av-
erage spin of the magnetic ion and a is the lattice constant of
the one-dimensional ferromagnetic insulator.
For vibrations of the lattice, the harmonic approximation
can be used28–30, we have then the Hamiltonian of lattice dis-
placement (phonons),
Hp =
∑
q
~ω
(p)
q p
†
qpq, (3)
where ~ω
(p)
q is the energy quantumof q-vector phonons, p
†
q/pq
is the creation/annihilation operators of q-phonon. Consider-
ing the longitudinal acoustic branches, the phonon dispersion
relation is given by ~ω
(p)
q = D sin |qa|2 28–30.
Supposing the exchange integral falls off as a power law
with the separation of the magnetic ions9,31, we have Ji j =
J0 + ∇J · (ui − u j), ui and u j are the displacements of lattice i
and j. The magnon-phonon interaction is given by9
Hmp ≈ −
∑
i, j
J0
g
a
ei j · (ui − u j)Sˆ i · Sˆ j, (4)
where ei j is the unit vector of site i to site j, the factor g (6 −
14 Ref.[32]) is defined as the relative rate-of-change of Ji j
to the difference of the displacement of lattice ui and u j
9,31,
∇(J/J0) = (g/a)ei j. ul in the q-space reads,9
ul = i
∑
q
√
~
2ω
(p)
q NMion
eqBqeiq·Rl , (5)
where N is the number of the sites, Mion is the mass of the
magnetic ions, and Bq = pq + p†−q, Rl is the position vector
of lattice l. Taking Ul,δ = eδ · (ul − ul+δ) to the first order of
Taylor’s expansion, where l+ δ denotes the nearest site of site
l, we have
Ul,δ =
∑
q
√
~
2ω
(p)
q NMion
Bqeiq·Rl (eq · eδ)(q · aeδ), (6)
transverse models are excluded here. Given
∑
l,δ S
2Ul,δ = 0,
the magnon-phonon interaction Eq.(4) can be rewritten as
Hmp=
∑
l,δ
J0
gS
a
Ul,δ(b
†
l
bl + b
†
l+δ
bl+δ − blb†l+δ − b†l bl+δ)
=
∑
k,q
Vmp(k, q)Bqb†k+qbk, (7)
here b
†
l
/bl is the creation/annihilation operator of spin devia-
tion at site l. The strength of the coupling is expressed as
Vmp(k, q) =
gJ√
N
√
~ω
(p)
q
2Mionv2p
[1 − cos ka + cos qa − cos (k + q)a], (8)
where vp is the velocity of the phonons. Note that here only
longitude phonons are coupled to the magnons. More impor-
tantly, it is clear the coupling strength Vmp(k, q) is wave num-
ber dependent and the coupling of long-wavelength magnons
can be sufficiently weak for them to contribute to the spin See-
beck effect.
III. TRANSITION PROBABILITIES INDUCED BY
CHERENKOV PROCESSES
Clearly, the exchange-striction effect in ferromagnetic
materials only gives rise to the three-particle Cherenkov
processes33, i.e., the elementary processes of splitting a
magnon into magnon and phonon, or the reverse ones (the
magnon-phonon confluence with creation of a magnon), there
is no processes of two-magnon confluence into a phonon
and/or the splitting a phonon into two magnons.
While the Cherenkov processes does not change the num-
ber of total magnons, it can result in a redistribution of
magnons in the k-space. Considering that the energy is
conserved,21,33,34
ω
(p)
q + ω
(m)
k
= ω
(m)
k+q
or ω
(m)
k
= ω
(m)
k−q + ω
(p)
q (9)
for the confluence or splitting processes, respectively. By sub-
stitute the dispersion relaxations to Eq.(9), we have then
cos (k + q)a = (cos ka − DJ sin |qa/2|) or
cos (k − q)a = (cos ka + DJ sin |qa/2|). (10)
The Cherenkov processes can happen just in some particular
wave-vector channels, as shown in Fig.1. In particular, we
note that some magnons are only directly involved in one of
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FIG. 1. Cherenkov channels of k-magnons in one dimensional
processes. The conservation of energy and momentum has been used to
constrain the transition channels, involving a q-phonon and two magnons with
the wave-vector k and k ± q, respectively. k f = 2a arcsin D2J is the cross-over
point of the magnon’s and phonon’s dispersion relations, i.e., ω
(m)
k f
= ω
(p)
k f
.
HereD = J is used.
3the Cherenkov processes, which would influence the energy
transfer efficiency between the magnons and phonons.
The transition probabilities can be calculated within the
perturbation approximation. The probability of transiting
from state |α〉 to state |α′〉 (with equal or approximately equal
energy) in unit time can be given by33–38
p(αα′) =
2pi
~
|〈α′|V|α〉|2O(εα − εα′ ), (11)
where V is the perturbation operator, εα − εα′ is the energy
difference between the states of |α〉 and |α′〉. O(ε) ≡ sin εt/~
piε
,
we take it as a constant to all Cherenkov processes with
O(ε) = 1/∆3 in the present study. For the processes of a k-
magnon and a q-phonon confluence into a (k+q)-magnon, the
initial state can be written as |α〉 = | · · · n(m)
k
n
(m)
k+q
n
(p)
q · · · 〉, and
the final state is |α′〉 = | · · · (n(m)
k
− 1)(n(m)
k+q
+ 1)(n
(p)
q − 1) · · · 〉,
where n
(m)
k
, n
(m)
k+q
, n
(p)
q are Bose-Einstein distributions of k, k+q
magnons and q-phonon34. The transition probabilities of the
confluence processes reads then
p
(c)
3
(k, q) =
2pi
~∆3
|〈α′|Vmp(k, q)pqb†k+qbk |α〉|2
=
2pig2
N~∆3
J2[1 − cos ka + cos qa − cos (k + q)a]2
2Mionv2p
n
(m)
k
(n
(m)
k+q
+ 1)n
(p)
q ~ω
(p)
q . (12)
Whereas, for the processes of a k-magnon splitting to a (k−q)-
magnon and a q-phonon, the final state is |α′′〉 = | · · · (n(m)
k
−
1)(n
(m)
k−q + 1)(n
(p)
q + 1) · · · 〉. The transition probabilities is
p
(s)
3
(k, q) =
2pig2
N~∆3
J2[1 − cos ka + cos qa − cos (k − q)a]2
2Mionv2p
n
(m)
k
(n
(m)
k−q + 1)(n
(p)
q + 1)~ω
(p)
q . (13)
The averaged transition probability of annihilating a k-
magnon through the Cherenkov processes at temperature T
is thus given by
P3(k, T ) =
∑
q p
(c)
3
(k, q) +
∑
q′ p
(s)
3
(k, q′)
n
(m)
k
. (14)
At room temperatures, Boltzmann’s theorem of the equipar-
tition of energy can be used and the heat capacity of every
wave vector can be considered as kB
21,28, where kB is the
Boltzmann’s Constant. We take the rough approximations
as follows: (n
(p)
q + 1)~ω
(p)
q ∼ kBT , (n(m)k+q + 1)~ω(m)k+q ∼ kBT ,
and n
(m)
k
~ω
(m)
k
∼ kBT . On the other hand, as demonstrated
in Fig.1, the long wavelength magnons are just coupled with
phonons with the wave vector very close to k f or −k f , where
k f is the cross-over point of their dispersion relations, satisfy-
ing k f =
2
a
arcsin D
2J , and therefore, one has: cos (k ± q)a ≈
cos qa ∓ ka sin qa. The total probability due to the Cherenkov
confluence processes of creating a ±k f magnon with annihi-
lating a long wavelength (k/k f ≪ 1) magnon can be approxi-
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FIG. 2. Relative transition probabilities of annihilating a k-
magnon. Here D = J = 19mev.
mated as,
p3T (k, T ) = p
(c)
3
(k, q1) + p
(c)
3
(k, q2)
≈ 8pig
2
N~∆3
1 + cos k fa
2Mionv2p
(kBT )
3, (15)
where q1, q2 are the phonon wave vectors of the two transition
channels near k f and −k f . Since the total probability p3T (k)
of annihilating processes of long wavelength magnons is only
temperature dependence, we can take it as a reference to cal-
culate the spectral dependent transition probabilities given by
the Eqs. (12), (13) and (14). The results are shown in Fig.
2, which is qualitatively consistent with the damping factor of
YIG (stemmed from the Cherenkov processes as well) calcu-
lated by A. Ru¨ckriegel et al in Ref.[21]: two different regimes
with distinct peaks (around 1.3k f and 2.7k f , respectively).
Treat magnon as a quasi-particle, the lifetime of long wave-
length magnons (|k| ≪ k f ) determined by the Cherenkov pro-
cesses reads then38
τ′mk =
1
P3(k, T )
≈
N~∆3Mionv
2
p
2pig2J(1 + cos k fa)
1
(kBT )2
1
(ka)2
. (16)
The self-energy is given by the uncertainty principle, ∆mk =
~/τ′
mk
∝ T 2k2. Clearly, the averaged relaxation probability of
the Cherenkov processes is k-dependent.
IV. MAGNON/PHONON RELAXATION
For the Cherenkov processes considered here, energy is ex-
changed between the magnon and phonon subsystems. When
the magnon and phonon subsystems are in the statistical equi-
librium, the net energy transport is zero. However, when
two subsystems aren’t in statistical equilibrium, relaxations
stemmed from the imbalance of Cherenkov confluence pro-
cesses and splitting processes will be triggered. M. I. Kag-
nov and V. M. Tsukernik have pointed out that the equilib-
rium will be established first within each subsystem (magnons
and phonons), and then considerably more slowly between
the two subsystems34. In the present study, however, given
that the strength of the coupling and the transition probability
4are spectral dependent, the establishment of the equilibrium
will be more complex, we need to examine the relaxation pro-
cesses of each k-magnon.
A. Relaxation time of long wavelength magnons
Firstly, the magnon relaxation is studied by exploring the
imbalance of the k-magnons in different Cherenkov processes.
Considering that a k-magnon, due to thermal perturbations
or fluctuations, is excited to temperature Tmk, while the rest
magnons remain in the equilibrium with temperature Tm.
and the temperature difference ∆Tmk = Tmk − Tm satisfies
|∆Tmk|/Tm ≪ 1. By using the relaxation equation27
d(Tmk − Tm)
dt
= − 1
τmk
(Tmk − Tm), (17)
we have
dTmk
dt
= − 1
τmk
(Tmk − Tm). (18)
The relaxation time τmk is given by
27
τmk = −cmk Tmk − Tm
dQk/dt
, (19)
where cmk is the heat capacity of k-magnons, andQk describes
the energy gain of k-magnons. The rate of the energy gain
dQk/dt can be written as
34,35
dQk
dt
= [p
(i)
3T
(k, T ) − p3T (k, T )]~ω(m)k , (20)
p
(i)
3T
(k, T ) is the total probability that a k-magnon is created.
In the case of statistical equilibrium, the energy gain is ex-
pected to be zero34,35 and p3T (k, T ) = p
(i)
3T
(k, T ) is valid.
However, when the temperatures is not equal, p3T (k, T ) ,
p
(i)
3T
(k, T ). To leading terms, we have n
(m)
k
(Tmk) = n
(m)
k
(Tm) +
dn
(m)
k
(Tm)
dT
∆Tmk, the difference of the probabilities for long wave-
length magnons can be deduced as
p
(i)
3T
(k, Tmk) − p3T (k, Tmk) ≈ −p3T (k, Tm)
~ω
(m)
k
kBTm
∆Tmk
Tm
.(21)
Eq.(19) gives that
τmk ≈ cmk
kBp3T (k)
 kBTm
~ω
(m)
k

2
≈
N~∆3Mionv
2
p
pig2(1 + cos k fa)J2
1
kBT
1
(ka)4
, (22)
where cmk ≈ kB has been used.
Eq.(22) shows that 1/τmk is proportional to k
4, which re-
duces rapidly with reducing k. For short wavelength magnons,
τmk can be much smaller than the relaxation time τmp between
magnons and phonons, equilibrium will be established within
the short wavelength magnons firstly. But for the magnons
with condition τmk ≫ τmp, they can’t catch up with the relax-
ation between the magnon and phonon subsystems. Conse-
quently, the temperatures of magnons becomes k-dependent.
By defining the wave vector kc as τmkc = τmp, correspond-
ingly, relaxations of the non-equilibriummagnon-phonon sys-
tem can be processed in three stages. In the first stage, equi-
libriumwill be established in short wavelength magnons (with
the condition k ≫ kc). In the second stage, equilibriumwill be
established between phonons and short wavelength magnons
(k ≫ kc). In the third stage, equilibrium will be established
between long wavelength magnons (k ≪ kc) and the rest short
wavelength magnons of the system.
B. Relaxation between magnons and phonons
Considering phonons with temperature Tp and the (short
wavelength) magnons with temperature Tm, the difference is
∆Tpm = Tp − Tm. By using the relaxation equation27
dTp
dt
= −cm
cT
1
τmp
(Tp − Tm), (23)
where cT = cp + cm is the total heat capacity of the system,
cm, cp are the heat capacities of short wavelengthmagnons and
phonons, respectively, the reciprocal of the mean relaxation
time is obtained27
1
τmp
= − cT
cpcm
1
∆Tpm
∑
q
dQq
dt
(24)
= − cT
cpcm
1
∆Tpm
|k+q|>kc∑
|k|>kc,q
[p
(s)
3
(k + q, q) − p(c)
3
(k, q)]~ω
(p)
q ,
dQq/dt is the energy gain of q-vector phonons in unit time,
p
(s)
3
(k + q, q) (p
(c)
3
(k, q)) is the probability of the creation (an-
nihilation) of a q-vector phonon by the splitting (confluence)
processes. The difference of the transition probabilities can be
deduced as
p
(s)
3
(k + q, q) − p(c)
3
(k, q) ≈ −p(c)
3
(k, q)
~ω
(p)
q
kBTp
∆Tpm
Tp
, (25)
we have then
τmp ≈
cpcm
cT
kBT
2∑
k,q p
(c)
3
(k, q)[~ω
(p)
q ]
2
. (26)
	
FIG. 3. The dependence of relaxation time between magnons and
phonons on the temperature T. Here J = D, and the velocity of the
phonons is set to be a constant.
5By using Eq.(12) and Eq.(26), the thermal relaxation time
have been numerically computed. As demonstrated in the
Fig.(3), at very low temperatures (1-10K), τmp(T ) decrease
very fast. However, 1/τmp(T ) becomes a linear function in
the high temperature regime (over 70K), which is different
with the T 4-dependence in Ref.[34]. It may be due to the ef-
fect of dimensionality: one dimensional Cherenkov processes
in our case but three-dimensional magnons/phonons in M. I.
Kaganov and V. M. Tsukernik’s studies.
V. TEMPERATURE DISTRIBUTION OF LONG
WAVELENGTH MAGNONS
Given that the magnon-phonon coupling is wave num-
ber dependent, the thermal relaxation processes between the
magnon and phonon baths are expected to be dominated by
the short wavelength magnons, as indicated by the experi-
mental observations in the Ref.[15]. The temperature distri-
bution of magnon subsystem should display a strong spectral
dependence as the ferromagnetic chain subject to a thermal
(phonon) gradient.
Considering that a ferromagnetic chain is contacting to the
left and right thermal sources with temperature TL and TR at
the position of − L
2
and L
2
, respectively, the dynamic thermal
equilibria can be established energetically and firstly between
the phonons and the short wavelength magnons. The temper-
ature distribution of the short wavelength magnon system is
given by the SW model27:
Tm(x) = T0 − Q
KT
[x − sinh Ax
A cosh 1
2
AL
]. (27)
where T0 = (TL + TR)/2 is the temperature of middle point
x = 0, L is the length of the sample, and Q is the total heat
current. KT = Kp + Km is the total thermal conductivity, Kp
and Km are the thermal conductivity of phonons and magnons,
respectively.
A2 =
1
λ2
=
CmCp
CT
KT
KmKp
1
τmp
(28)
is a factor related to relaxation times with the dimension [L]−2,
Cm,Cp,CT are the heat capacities of the magnons, phonons
and the magnon-phonon system on unit length. With a strong
coupling strength between the phonons and short wavelength
magnons and thus small τmp, Tm(x) becomes very close to the
temperature profile of phonons.
As for the magnonic relaxation processes, the rate of the
energy gain of (relatively) short wavelength k-magnons in the
region of [x, x + dx] is
dQk(x)
dt
dx ≈ cmk
τmk
[Tm(x) − Tmk(x)] dxL =
Cmk
τmk
[Tm(x) − Tmk(x)]dx, where Qk(x) is the energy gain of k-
magnons on unit length, cmk is the total heat capacity of k-
magnons, andCmk = cmk/L is the heat capacity on unit length.
Tm(x) and Tmk(x) here are not the temperatures of the whole
system, but defined as the local model that have been proposed
by Xiao et al7. Then the rate of the energy gain of k-magnons
in the region [− L
2
, x] can be derived as
Qk(x) =
Cmk
τmk
∫ x
−L/2
[Tm(x
′) − Tmk(x′)]dx′, (29)
which should be equivalent to the energy current of the k-
magnons at position x, Qk(x) = −KmkdTmk(x)/dx, where Kmk
is the thermal conductivity of k-magnons. Differential equa-
tion of temperature distribution for k magnons is obtained,
d2Tmk(x)
dx2
+
Cmk
Kmkτmk
[Tm(x) − Tmk(x)] = 0. (30)
Taking the fact that magnons can not exchange energy with
thermal sources directly27, one has the boundary conditions
dTmk(−L/2)/dx = dTmk(L/2)/dx = 0 and Tmk(0) = T0. Solv-
ing Eq.(30) with Eq.(27), it gives
Tmk(x) = T0 − Q
KT
x − (1 − β) sinh Bx
B cosh 1
2
BL
− β sinh Ax
A cosh 1
2
AL
(31)
with
B2 =
Cmk
Kmk
1
τmk
and β = − B
2
A2 − B2 (A , B). (32)
When A = B, then
Tmk (x) = T0 − Q
KT
× (33)[
x −
(
3
2
+
1
2
AL/2 sinhAL/2
cosh AL/2
)
sinh Ax
A cosh AL/2
+
1
2
x cosh Ax
cosh AL/2
]
.
We adopt the one-dimensional thermal conductional
formula28,30 Kmk = Cmkvmkl
′
mk
, where l′
mk
is the mean free
path of k-magnons, and vmk is the velocity of k-magnons. For
long wavelength magnons, vmk ≈ J2 a2k/~, l′mk = vmkτ′mk =
J
2
a2kτ′
mk0
n
(m)
k
/(~n
(m)
k0
), where k0 is the minimal wave vector of
magnons. We have then
B2 ≈ ~
2
τ′2
mk0
[~ω
(m)
k0
]2
1
n
(m)
k
k2 ≈
~/τ
′
mk0
~ω
(m)
k0

2 Ja2
2kBTm
k4. (34)
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FIG. 4. Temperature distributions of k-magnons with λ = 0.47 mm
and L = 2 mm. Inset shows the temperature deviations at x = L/2,
where the characteristic wave vector kmc is given by B = A.
6The k−4-dependence of relaxation time τmk (cf. Eq.22) im-
plies that τmk reduces rapidly with increasing k. For the k-
magnons with relatively short wavelength, τmk can be much
smaller than τmp, then B ≫ A and β ∼ 1, Eq.(31) returns to
Tmk(x) ≈ Tm(x) = T0 − QKT [x −
sinh Ax
A cosh 1
2
AL
]. Whereas, when the
relaxation time of the k-magnons is much larger than τmp, one
has then A ≫ B and β = −B2/(A2 − B2) ≈ 0, Eq.(31) becomes
Tmk(x) ≈ T0 − QKT [x −
sinh Bx
B cosh 1
2
BL
]. Furthermore, as BL ∼ 0, we
have Tmk(x) ∼ T0. The detailed characterization of tempera-
ture distribution is worked out numerically for varying wave
number k of magnons in Fig.(4). It shows evidently that the
temperature profile of k-magnons is largely lifted up in the
cooler regions and deeply pulled down in the hotter ones as
the wave number k of magnon decreasing. There is a char-
acteristic wave vector kmc that is determined by the condition
B2 = A2 as,
kmc =
4
√√ ~ω
(m)
k0
~/τ′
mk0

2
2kBTm
Ja2 A
2. (35)
Below kmc, the temperature deviations of k-magnons becomes
more pronounced. Such strong temperature inequality of long
wavelength magnons could be responsible for the spin See-
beck effect once the spin pumping is proportional to the dif-
ference of the temperatures between magnons and phonons7.
From the experimental point of view, it is important to esti-
mate the characteristic wave vector kmc in yttrium iron garnet
(YIG) that is an excellent candidate to study the spin-Seebeck
effect. Taking k0 ∼ 105 rad/m around room temperature, to-
gether with a = 1.24 nm21, J ∼ 19 meV20,21, Tm = 300 K,
and A2 = 4.5 × 106m−2 (λ = 1/A = 0.47mm15), the character-
istic wave vector is estimated as kmc ≈ 1.68×108 rad/m, which
is in good agreement with the experimental observations.
VI. CONCLUSION
We have presented that the magnon-phonon coupling, the
magnon transition probability, the magnon relaxation pro-
cesses, and the magnon temperature profile are all spectral
dependent. There is a characteristic magnon wave vector kmc
that is determined by the competition of magnon-phonon and
magnon-magnon relaxation processes. For the magnons with
wave-vector k < kmc, the inequality between the temperatures
of k-magnon and the phonon bath becomes increasingly pro-
nounced with lower magnon wave-vector k. As proposed by
M. Agrawal et al15 and other research groups, such consider-
able magnon/phonon temperature difference should be of par-
ticular importance to the spin Seebeck effect.
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